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ABSTRACT
The response to a harmonic point source in a liquid layer
overlying a liquid half space is computed as a function of frequency.
Inclided are the contributions frorm all normal modes that occur,
and the branch-line integral representing the refraction arrival.
The value of the refraction arrival is given in terms of the complex
error function.
The effect of different velocity and density contrasts are consid-
ered, and the effect of source depth and the distance to the receiver
are investigated.
The results giving the behavior of the magnitude of the branch-
line show that it is much larger at the mode cutoffs than at other
values of frequency. The total amplitude of the response shows a
regular oscillation in the frequency range in which two modes are
present, and somewhat irregular high and iow values over the
range in which three modes are present. This behavior reflects
the difference in amplitude at frequencies for which unodes reinforce
or interfere with each ach other.
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INTRODUCTION
The problem of a point source in a liquid layer over a liquid
half space was solved in terms of normal modes by Pekeris (1948).
The solution, good for horizontal distances large with comparison
to the depth of the layer, was expressed in terms of normal mode
contributions. Each of the modes travels with frequency dispersed
phase velocity. The arrivals of each mode at a given point were
overlapping in time, but the frequencies for low frequency cutoff
of the modes increases with mode number. By using recording
systems that accentuated with low frequency part of the spectrum
the arrival of the first mode could be seen on the time recording.
In this paper the point of view will be to add the contributions
from the several modes in the frequency domain. The results of the
computation will give some idea how propagation through a layer
affects the shape of the power spectrum of the recorded signal.
The power spectrum of the motion is given by
I g(w)f Id(t)(t, r, Z)[ Z
where g(w) is the Fourier transform of the source and (w, r, Z)
is the response at the observation point to a harmonic point source.
5In his original paper, Pekeris (1948) derived an expression for
the branch-line integral, representing the refraction arrival, which was
valid away from the mode cutoff frequency. Officer (1953) showed that
a different expression that give large contributions must be used at
the cutoff frequencies. In this study an expression for the branch-
line that is valid for all frequencies is derived.
6DERIVATION OF FORMULAS
In this section will be presented a brief outline of the
approach used by Pekeris (1948) to solve the problem of a point
source in a liquid layer over a liquid half space. The model is
shown in Figure 1.
b p 1 / p The density constrast
d= depth of source
Za depth of observation point (2. i)
C velocity in layer
C = velocity in half space
H= layer thickness
r= horizontal distance from source to observation point
The problem was solved in terms of the velocity potential
S(r,Z, W,t) a it (r,Z, ) (2.2)
The pressure is given by
Pa p (2.3)at
The particle velocity is given by
VI n V B (. 4)
The velocity potential obeys the wave equation. The source
is taken to be a simple harmonic source of the form
(2z. 5)
The solution must obey the boundary conditions
i) at Z=O
The pressure is 0
ii) at Z=H
The pressure and the vertical particle velocity are
continuous
iii) Energy does not come in from - )O nor does
the velocity become infinite as Z goes to - C .
In the layer above the source the solution to this problem written
in its integral form is
o f
with the following definitions
b= p1 P 2
J (Kr) is the zeroth order Bessel function
F The period equation P cos H + ib sin 1H
V XA- K K< rea.
2=)V KL
x4
The 's introduce branch points at KK i w/C l and KiK a /C 2
The integral for j will be evaluated by contour integration,
Without proof (see Ewing et. al., 1957, p. 135) we state that all
real poles are between KI and K.. They may be considered to be
just below the real axis. Using the identity expressing the Bessel
function in terms of the Hankel functions
ZJ (Kr) a H' (Kr) + H (Kr)
o o
The integral for T is broken into two ingals the one containing
HI is deformed upward in the K plane; the other is deformed down-
ward as shown in Figure 2. None of the arcs contribute because of
the behavior of the Hankel functions.
L t"II "
10
The integral along the real K dxis has been replaced by
the contours shown, plus the residuais that arose by deforming
the contour containing E and D. Lines A and B cancel each other
C) (2)
using -H (iq) = H (-ig). Lines D and C also cancel because
o0
the integral is even in and so equal on ooth si4es of the
branch cut. The contributions from lines E and F will be con-
sidered following the discussion of the poie contributions.
The residues of the poles contribute what is known as
the normal modes contributions. The poles arise at the zero's
of the period equation. For K < K< K. The period function
may be written as
A(, b
The contribution from each pole
residue theorem as
tan -9(Nj
tan H f -(K) 0
1
is given by the Cauchy
p- el R~s HH-b.9)
(2. 9)
(2.8)
- IVKL~
01.1- C2
z
4N)is the Nth root of the period equation and is evaluated
for K=eN).
The Hankel function has been expanded in an asymptotic
form good for large r
H(2 (N) . r.4 - K(N)r(K r) r
(2. 10)
The total from all the poles is obtained by sumrning the contri-
butions from each pole.
T{JPOLES 7 JiVw)
Ni=
The number of poles that occur increases with w. The number
of poles N(w) for a given w is given by the smallest integer
greater than
/"c )L - (/iC ) H ix + 1/2. (2. 11)
There is no pole contribution if the fre uency is below the cutoff
frequency of the first mode.
12
The branch line contribution is an integration path that
comes in from (K , -i LN ) to KL on the left side of the branch
line then returns on the right of the branch cut as shown in Figure
2. The value of is the same on both sides of the cut, but
changes sign acr- ss the cut. The branch line contribution
is then
where
L
Officer (1956, p. 19o) shows 4 b inay be combined into a
single integral.
31 IM SVH I A/
6/rd kc/H
eL 
1 Cl
13
A new variable is introduced by the relation
The asymptotic expansion of ( 0. 1 ) is again used for the Hankel
Function.
_., -i(K r -f4) -K_ rX
H(Kr) = H(K r ) 4 e e
(. 15)
Because the Hankel function vanishes exponentially for
negative inmaginary parts of K, for large r almost all the con-
tribution to the branchline integral occurs in the vicinity of the
point K=K 
. 
At this point X=0. In the change of variables
only terms of the first order in X have been retained. Doing
this the denominator of F is written
Cu Lc, bH -- K 14 ccs4l-f-
A+ 15< 13X
14
where
A K M cos (K MH)
CBt Lb K L( ij ) sin K MH
C
The branch line integral may now be written as an integral over X.
b TY k ITK, Kl
I ._, C-X Cl. I/TI2. s(KI A .-I(O<A 4C()
4 +- 2 8 x./4-~(X
* -- <K K dX
4'?. IB)
-4 b K/ S/M K )A S In K4$ OT
Pekeris (1948) evaluated the integral (2. 18) under an assumption
equivalent to setting B=0. For much of the frequency range this is
a reasonable procedure, because most of the contribution occurs
for X small so
A>> BX
15
Following from this the denominator may be approximated by A.
Under this condition
j=. 312A2 (K Ir) (2. 19)I
A(4)- AI-- o U r-e
(2z. 0)
Officer (1953) pointed out that a different evaluation was necessary
at frequencies for which A= 0. The frejuencies for which this
occurs are given by
These are the cutoff frejuencies for each mode. With A=0O
o-Ulv
o~I (~ [)j'~~-,
and
2. /- ;v ,) cii(Kid)
(2. 2l)
(e. 2)
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At these fre uencies the magnitude of the branch line contribution
decreases as I/ r rather than as ir Z in the case of frequencies
away from the mode cutoffs.
Officer (1953) explains the significance of this as constructive
addition to the refractive wave by the wave reflected in the layer.
Consider a plane wave in the layer, travelling at the critical
angle as in Figure 3. At D energy is put into the refraction wave
travelling in the half space. The wave is reflected then travels
to C where it is then reflected downward to D'. At D' it again
adds to the refracted wave. The phase of the refracted wave that
reaches D' will be the phase that was at D at a time L/C, earlier.
For constructive interference, the wave in the layer and the re-
fracted wave must differ in phase by ZrN at D'. The phase change
over the path DCD' is given by
+ r(2.23)
CI CS &-
The change for the refracted path is
2 _ TA A/- (2. 24)
C .
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Their difference is
(2.25)
w 2- HH T4+VC, Cos -0 C1
For the critical angle
sin 0 = C / C
So the condition that the phases differs by 2 w r
( I )-_ _Nct
(2.27)
c -I - C - - 7
H- Q "rr(N- " -x (2. 2)
Comparing with (2. 17) this is
for A=O.
seen to be the necessary condition
The contribution from the branch line integral is large
at the cutoff frequencies but falls off away from them. An ex-
pression is desired that gives the value of the integral good for
all values of frequency.
gives
(2z. 26)
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The following presents an evaluation of the branch line good
for all values of A and B.
The integral in question is from (2. 1c).
4- -XjgJ = (2. 29)
~k27 Q (2. 30)(2
£S
'" Y
OL -
(Z. 31)0 
-L= 1
28 ;1
** 5
(?. 32)
(L. 33)
The emIuation of I follows.
Consider I as a function of S.
cLZ C
S2 + e)y
(2. 34)
,A Ad- ---
-+ 8
jB"~Y'Sd~
;8 v y
B e~~04
0o -/ ' s P d
+~y
Tf 1- I 0 5 2_._.
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assume a solution to (2. 34) of the form
oij
(*' E-p-)t~ d6
0~-Pd
2.U rp
to get U(O)
to get U(O)
2. S
WI
Sdw+ (A(o)
we have, using erf (0) = 0,
t(O )
(Z. 36)
Substituting (2. 36) in (2. 35)
" 02.C 1.
Equation (2. 37) is substituted into (2. 32) giving
DS1= e U(S)
+ A(o)
+M/1
.Q 4W+ L((O)
(2. 35)
(2. 37)
I ~w(V$b)I~] (2.3b)
T(' ) +( (0)
= (b)
- fr= '.
77 t
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Using this evaluation of J, the general expression for the branch line
integral is
9jb K. stw(4Md) )W (k1AI)
i; lSIrvyi( II 43J (2. 39)
This reduces to the previous formulas 2. 19 or 2. ZI for J if B or A
is 0. For A=O
D=O
and
which is the result in (. 19)
To compare the result for B=0O with (Z. 2I), we nust find the
linit as B 4- 0.
Js4- I11-
-,7r TF PS ( I.-M
The error function is expanded in its asymptotic form good for
large agreement.
~ g LV~
24S
.. - rre L-P 1. +S+ pn.
'OT +iOs t' '
vFIFS (. 4o0)
Ci Kt_)Y
-Q
s= reV V S
ALVR POS-) 3
I -
Or .OMMW.W
"gob, k( Y~
1.1
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This is the vaiue of the integrai found for B=0 and given in (2. i).
The expression for the branch line given in (L. 39) is a
good approxinmation at all fre juencies, and could be used in a
nu cerical integration to obtain the time response from the refracted
wave.
COMPUTATIONS
COMP UTA TIONS
Computations were made to obtain the vertical velocity of the
liquid layer at the surface for a simple harmonic source, the response
at the surface is itself a sinusoidal motion. The veritcal velocity
is obtained by differentiating the veocity potential with respect to
Z and letting Z=0. Previously the velocity potential was derived as
the sum of the normal mode contributions (2. 9) plus the branch-line
contribution. (2. 36) Although it is the magnitude of the response
that is to be considered, the phase of each contribution must be
used in combining the terms to find the total response ) (0).
The contribution of the poles to the vertical particle vel-
ocity is given by (1. 9) as
?- :H r G SN (Pd) ,
6--
-j) H -s g (sl - b( 4 ,
The contribution from the branch-line is given by (2. 36) as
, hVU [bf~ -T{d) 
-
A (VP"
~Lc r
A ;:r #--
(3-1)
k,:~~c?- ~~7_
24
A and B are both real and positive so that D is negative imaginary.
The complex quantity K rD has a phase of - r/4. In evaluating
the branch line integral use was made of the Share subroutine BS WOFZ.
'The subroutine calling sequence has been changed to allow its use by
FORTRAN. This subroutine computes
From this the complex error function is obtained from
For each frequency the contribution from the poles and from the
branch-line are computed and added together to give ) VI . The
result was printed as output. In addition, the amplitude and phase
of each pole, the total arnptade of all the poles, and the amplitude
of the branch-line I bJ were printed.
The computations were coded in FORTRAN and run on an
IBM 7090 computer. Appendix A gives a listing and a flow chart
of the program.
25
Solution of the Period Eluation
Before the value of the pole contribution can be calculated,
the values of K ( n ) must be obtained by solving numerically the period
equation
TBVAN(0 1) t- 7
This form of the period equation is valid for K > K> K . A graph
given by Ewing et. al. (1957, p. 139) suggests a method of solving
this equation. The graph iL given in Figure 4. The period equation
is solved in terms of e I" Both sides of the period equation are
plotted in the graph. Where they are equal give values of
that satisfy the period equation.
Smay be epressed in terms of (l, rather than in
terms of K.
On eliminating K
.,,o o .I, r do
The period equation is then expressed in terms of as
nN(PI): -I~iI
26
The number of roots for a given frequency is given by
(N ) the smallest integer, greater than
( ftK 
l)es
From Figure 4 it is seen that the Nth root (K(n)) lies
1in the interval between (n - ) r and nr. With this knowledge, the
equation is solved by starting with the end points of the interval
enclosing the root, then dividing it in half. Evaluating the period
equation at the midpoint deterrmines the half of the interval that
contains the root. This opertion i is repeated 15 times so that
the error in H (3 is less than
The method of false position is then applied once to further decrease
the error. 'The value of K is then obtained from the value of
K(n)
The computations have all been performed with C = 1 and
Hl1. This allows the results b be used for other values of CI and
H if the distance unit is taken as H and the time unit is taken as
H/C . The model is then defined by giving r, d, and C2 in terms of
these units. In the computations the model is defined by giving r, d,
27
C and b.
As an example of how the program could be used to calculate
the response in a model in which C1 or H are not one, consider the
model,
C1 Z km/ sec
CZ  5 km/ sec
d = km
H = 3 km
r a 100 km
H 2
Use a distance unit of 3. The time unit is C 1  3 sec. In these
units
HO I
CI= 1
C 
- 
5/2
d 11/3
r = 100/3
If the response were desired at w = 10 radiani sec, the computation
would be made at the value of - 3
RESULTS AND DISCUSSION
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Branch- Lane
As was expected, the magnitude of the branch-line integrated
was much higher at the mode cutoff frequencies than at other points of
the frequency curve. This is shown very strikingly in Figure 5. In
this figure as in all the amplitude curves, the cutoff frequencies
for four modes appear as vertical arrows. In Figure 6 a plot is
presented for the same model, showing the behavior of the branch-
line contribution, near the cutoff of the third mode, using a smaller
difference in frequency between points.
In the derivation of the branch-line conitribution it was shown
that at the mode cutoff frequencies the branch- line falls off as 1/r
while away from the branch-line the frequency falls off as 1 /r
Table I has the value of the branch-line contribution I b for three
distances and also the ratios of the contributions. This table shows
the general formulas does indeed give 1/r and 1/r 2 depe ence at the
limits of frequencies close to and far away from cutoff frequencies.
As a check on the computations, the magnitude of L has
been computed using the formulas (2. 20) and (2. 22).
This was done for the case C= 1. 5, b= .5, da .5, and Rz 50,
which was plotted in Figure 6.
At = 10. 53, the formulas (2. 39) used in the computed cal-
culations gave / / = . 36Z7. The cutoff frequency is w = 10. 535. At
30
this frequency formulas (Z. 22) gave j =I .44381. Considering
the rapidity at which 1IV drops away from cutoff, this agreement
seems satisfactory. At w = i . 31, a frequency far from cutoff
equation (2. 20) gave . 0010596, while (2. 39) gave .001060.
In formula (2. 40) the general formula was shown to go to
Pekeris' formula (2. 20) away from cutoff by using a limit process.
In the program this limiting process was not carefully programmed
so that far from cutoff frequencies the branch-line contfribution is in
error due to loss of significance in the machine computation. This
is seenin Figures 5 and 6, by the uneveness of some of the values
having small magnitude. However, the magnitude of the contribution
is so small in these ranges that it was not -elt worthwhile to improve
the program for the case of small values of the parameter B.
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TABLE I
d= .5,
(20) (50) (100) (zW (100) (5o/ (100)
.6836
.9756
.8936
.6384
.4609
.337b
.09628
.04207
.Z09z
" 3627
.3141
.1856
.1138
.0733
.01612
.006791
_______ __ _  I________________
Expected Ratios for
Expected Ratios for
Cutoff frequency for the third mode is 10. 535.
Model
C = 1.5 b= .5, Rm 50
10.51
10.53
10.55
10.57
10.59
o10.61
10.71
10.81
.07812
.1670
.1360
.06588
.03499
.02060
. 004062
.001700
8.
5.
6.
9,
13.
16.
23.
24.
5.
25.
68
17
31
82
25
56
97
99
0
0
I/r
0 - - . 1
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Looking first at the modes individually we will consider
several parts of the expression for particle velocity. The term
G(K(n ) in equation (Z. 9) has been discussed by Pekeris (1948).
He noted that for each mode this factor is 0 at its low frequency
cutoff. This occurs because at the low frequency cutoff of the
nth mode
H (n= - 1l/) r
makes the term tan i H in the denominator infinitely large. This
behavior is seen in Figures 7, 8, and 9 where the amnpiare of each
mode is 0 at cutoff; then rises rapidly as H 81 goes from (n-i )
toward nr with increasing frequency.
In Figure 10 a plot of (K(n)) was made for the first 5
modes. Notice in each case 9 i( K(n ) ) initially rises rapidly from
its cutoff value of (n--) . The second derivative of 1
respect to w is negative; the slope of the curve decreases for
increasing w. As H nr the value of G(K(n) /
The factor 1/ K(n ) causes the mode amplitude to fall off slowly as
the frequency increases.
V (3.1)
1Cj, (3.2)
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This is expanded by the binomial theorem as
2
Kn)= _+ higher orde r in
C 2 W1to
Therefore
\fW (3.3)
when w > > . The frequency where this approximation is valid
(n)
modes is plotted in Figure I1. K( ) is seen to go towards the line
K(n)= t. The fact that phase velocity curves go to C1 for large w
reflects this.
A more important factor in determining the amplitude of the
mode is the factor sin d. This gives the amount that the mode
is excited by a source at depth d. In Figure 9 a plot has been mnade
of the amplitude versus frequency for the first six modes. The source
depth in the case is .5. The amplitudes of the second and fourth
modes start to fall off faster than that of the first and third modes. This
occurs because P1d goes towards 2 Tr (. 5) = nr for the even modes
while going toward ( 2 n+l) r (. 5) = (n + l/2) r for the odd modes,
Several other plots were made to illustrate the behavior of this factor
in controlling the mode amplitude. In Figure 7 the amplitude of the
first mode was plotted against frequency for the three source depths
d= . 25, . 5, . 75. At the low frequency part of the mode the deepest
source gives the largest amplitude. As the frequency increases the
source.near the bottom become less important. The curve for the
source at d = . 5 gives the largest amplitude at high frequencies. The
variance of the response with depth for the first two modes is ex-
amined more closely in F;igure 12. In this plot the amplitude
of the mode is plotted against depth of source. This has been done
for four frequencies in the range between the cutoff frequencies
of the second and third mode. For both modes the behavior of the
amplitude is similar at each of the four frequencies. The amplitude
for the first mode varies fairly smoothly with depth and has its
maximum value near d = . 65. The amplitude is small for a
shallow source. The second mode has a small amplitude for small
d. This amplitude reaches a maximum near .33 then falls to a
value of 0 between . 6 and .7. The depth at which the minimum
occurs is that where FPd is equal to r.
As an example, at = 7. 9, for the second mode is S.
(see Figure 10). Then the amplitude of the second mode should
be 0 at
d'= - / .635
This apparently occurs as seen in Figure 12.
At depths greater than this minimum, the amplitude rises as
the source is moved toward the bottom of the layer.
To see if important changes occur when the velocity C2 in the
lower layer is varied, the value of the amplitudes of the first two
modes versus depth of source were plotted in Figure 13. By com-
paring this curve for which C z 2 with Figure 12 in which C t 1.5,
it is seen that the behavior of the mode amplitudes are almost iden-
tical. In this figure the mode amplitudes for three depths are plotted
for a density contrast of b = .8 with C a 2. These points seem to
indicate that this model has the same behavior as the models with
density contrast of .5.
The phase of each mode contribution is determined by
i r i 4 If the first M modes are present with amplitudes
Ai (w) and phase of e the square of the amplitude of their
sum is given by
A 1 .) 1) A/Ycs(-&)
4.II K -VL (3.5)
For Mr2, this formula gives for the square of the amplitude
A + A2 + AIA 2 cos ( - 2 (3.6)
The maximum value then taken is
(A + A 2 )  (3.7)
occurring when the modes are in phase. The minimum is
(Ai - A2 ) (3. 8)
which occurs when the modes are r radians out of phase. If the
phase difference 0 - 92 is changing fairly uniformly with a then
the difference between frequencies at which successive maximuma
of the amplitude of the sum occurs is
AW= 2V / d(9 - 02
dw (3.9)
This alternating constructive and destructive interaction between
the modes is the most striking feature of the curves computed. In
the range above the low frequency cutoff of the second mode but below
the cutoff of the third mode this behavior is seen to match the curves
almost exactly. (see figures 14 through 24). The phase of the modes
are given by
e i LK )r + i 4J (3. 10)
The rate of change is given by
d(K( 1 KZ))
r (3. 11)dw
which is proportional to r. It would then be expected that the
frequency difference wald change much faster with increasing fre-
quency. This is born out by comparing Figures 15, 17, and 18.
The same model and source depth are used in all three curves.
The horizontal distances from the source are 20, 50, and 100 respec-
tively. The frequency difference between success maxima are
approximately 2. 20 for distance 20, 90 for distance 50, and 45 for
distance 100. These differences are roughly inversely proportional
to the horizontal distance. It is noticed that the frequency difference
between successive minima or maxima increases with frequency.
dK(n)
This occurs because as the frequency increases the value of - = I
d(K ) dK )(see Figure 11). Therefore decreased with
frequency.
Plotted in Figure 19 is a curve for a small density contrast
of d= . 8. This curve is quite similar to the curve in Figure 15.
However, the maxima are slightly further apart.
In Figure 20 the velocity contrast in the model is large;
CZ 2. 5. Here the distance between maxima is very small when
compared to Figure 17. Both of these curves are for the amplitude
response at a distance 20.
By a knowledge of the size of the mode amplitudes it is
possible to make some surmise about the depth of source. However,
the modes overlap in the frequency domain, so the magnitude of the
contribution to Jw)) from the different modes cannot be measured
separately. Still the low excitation of a mode does show up in a
curve of amplitude of I ql(wl versus frequency. As was discussed,
the amplitude of the second mode was very dependent on depth
(see Figure 12). If the source depth is near the depth at which
the second mode is not excited then the magnitude of t (W) does
not start to show fluctuating variation in amplitude as the frequency
rises above the cutoff of the second ciode. In Figure 22 the oscilla-
tions of the amplitude are small at frequencies above the cutoff for
the second mode. The source in this case is at depth d = . 65. At
this depth the second mode is not greatly excited until well above
the cutoff of the second mode, which is w = 6. 32, for the velocity
of C2 = 1. 5, As the frequency gets higher the second mode does
start to contribute and the amplitude starts to oscillate.
If the amplitude of the first two modes are about equal, as would
occur if the source were at a depth near . 54 or . 70, then the modes
would cancel each other ~am out of phase. These would then be
values of w for which the amplitude of their sum would be very
small. In Figure 22 a plot made for depth . 55 shows this to
occur.
For very shallow source depth the amplitude of the first mode
is small compared to that of the second. Figure 12 shows that for a
depth of . I the ratio of the second mode's amplitude to that of the first
is approximately 4. For such a shallow source ) /I would increase
greatly above the curoff of the second mode. The difference between
successive maximum and minimums would be approximately twice
the magnitude of the first mode.
In Figure 24 the magnitude of has been plotted. From
the computer output the first mode is seen to have amplitude of . 12.
Unfortunately, a run was not made that covered the region below the
second mode cutoff. However, considering other results, the curve
was drawn in for the section between w = 5. 5 and w = 6. 1. The first
40
mode amplitude of. 12 is seen to be very close to half the difference
between successive maxima and minima. The amplitude of the first
mode changes very slowly at frequeny well above its cutoff. The first
mode amplitude, then, would have about the same value below the
cutoff frequency of the second mode as it has in the frequency range
where the second mode is also present. Considering this a shallow
source could be detected by a sudden jump from low amplitude to a
much higher amplitude with fluctuations between maximum and min-
imurm of about twice the amplitude of the first mode.
Three plots have been made for the frequency %range above the
cutoff frequency for the third mode. These are presented in Figures
25, 26, and 27. The three magnitude curves show an irregular pat-
tern of highs and lows. There is a certain regularity between the
local maxima of the curves, but the size of the maxima varies. It
is probable that reflects the behavior that formula (3. 5) predicts.
The maximum that could be obtained would be the sum of the ampli-
tudes of the three modes. This would occur if all three modes
were in phase. By comparing Figures 26 and 27 it is observed that
the frequency difference between the maximat is smaller for the
larger value of r, as was true in the frequency range where only
two modes were present.
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